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DEFINITION Instantaneous Rate of Change
The (instantaneous) rate of change of f with respect to x at a is the derivative
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provided the limit exists.

It is conventional to use the word instantaneous even when x does not represent time.
The word, however, is frequently omitted in practice. When we say rate of change, we
mean instantaneous rate of change.
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EXAMPLE 1 Enlarging Circles

(a) Find the rate of change of the area A of a circle with respect to its radius .

(b) Evaluate the rate of change of A at r = 5 and at r = 10.

(¢) If r is measured in inches and A is measured in square inches, what units would be
appropriate for dA/dr?
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Growth Rings on a Tree

The phenomenon observed in Example 1, that the rate of change in area of a circle
with respect to its radius gets larger as the radius gets larger, is reflected in nature in
many ways. When trees grow, they add layers of wood directly under the inner bark
during the growing season, then form a darker, protective layer for protection during
the winter. This results in concentric rings that can be seen in a cross-sectional slice
Figure 3.21 The same change in radius of the trunk. The age of the tree can be determined by counting the rings.
brings about a larger change in area as the 1. Look at the concentric rings in Figure 3.21 and Figure 3.22. Which is a better
‘(:Il‘!clcs glro;w Ed'?") a.wa)l from the center. model for the pattern of growth rings in a tree? Is it likely that a tree could find

Xam B 4§ on . . . .

xample 1. Exploration 1) the nutrients and light necessary to increase its amount of growth every year?
2. Considering how trees grow, explain why the change in area of the rings re-

mains relatively constant from year to year.
3. If the change in area is constant, and if
dA _ change in area

= = 27rr,
dr  change in radius

explain why the change in radius must get smaller as r gets bigger.

Figure 3.22 Which is the more appro-
priate model for the growth of rings in a
tree—the circles here or those in

Figure 3.217 (Exploration 1)
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Motion along a Line

Suppose that an object is moving along a coordinate line (say an s-axis) so that we know
its position s on that line as a function of time 1:

s = f(1).
The displacement of the object over the time interval from r to ¢+ Ar is

As = f(r + A1) — (1)

Position at time 1 ... and at time 1 + Ar

s =}m s+ As =vj'(l + An

(Figure 3.23) and the average velocity of the object over that time interval is

) i o Figure 3.23 The positions of an object
_ displacement _ As _ f(r + Ar) — f(1) moving along a coordinate line at time 1

w travel time Ar Ar and shortly later at time r + Ar.

DEFINITION Instantaneous Velocity

The (instantaneous) velocity is the derivative of the position function s = f(r)
with respect to time. At time 7 the velocity is
flr + Ar) = f(1)

ds o)
P} = dt _.-AIIISIU Ar
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EXAMPLE 2 Finding the Velocity of a Race Car

Figure 3.24 shows the time-to-distance graph of a 1996 Riley & Scott Mk I1I-Olds WSC
race car. The slope of the secant PQ is the average velocity for the 3-second interval
from 1 =2 to r = 5 sec, in this case, about 100 ft/sec or 68 mph. The slope of the tan-
gent at P is the speedometer reading at + = 2 sec, about 57 ft/sec or 39 mph. The accel-
eration for the period shown is a nearly constant 28.5 ft/sec during each second, which is
about 0.89g¢ where g is the acceleration due to gravity. The race car’s top speed is an esti-
mated 190 mph. Source: Road and Track, March 1997.
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DEFINITION Speed

Speed is the absolute value of velocity.
ds

Speed = [v(1)| = ar

EXAMPLE 3 Reading a Velocity Graph

A student walks around in front of a motion detector that records her velocity at
1-second intervals for 36 seconds. She stores the data in her graphing calculator and
uses it to generate the time-velocity graph shown in Figure 3.25. Describe her motion
as a function of time by reading the velocity graph. When is her speed a maximum?
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DEFINITION Acceleration

Acceleration is the derivative of velocity with respect to time. If a body’s velocity
at time ¢ is v(1) = ds/dt, then the body’s acceleration at time 7 is

a(t) = dv _ d’s
dr dr*’
Free-fall Constants (Earth)
English units: g = 32 L, 5= l(32)12 = 161> (sin feet)
sec- 2

1 S - .
Metric units: g=98 m’ . §==(9.8)1- =49~ (sin meters)
sec- 2
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EXAMPLE 4 Modeling Vertical Motion

A dynamite blast propels a heavy rock straight up with a launch velocity of 160 ft/sec
(about 109 mph) (Figure 3.26a). It reaches a height of s = 160r — 1617 ft after f seconds.

(a) How high does the rock go?

(b) What is the velocity and speed of the rock when it is 256 ft above the ground on the
way up? on the way down?

(c) What is the acceleration of the rock at any time 7 during its flight (after the blast)?

(d) When does the rock hit the ground?
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EXAMPLE 6 Sensitivity to Change

The Austrian monk Gregor Johann Mendel (1822-1884), working with garden peas
and other plants, provided the first scientific explanation of hybridization. His careful
records showed that if p (a number between () and 1) is the relative frequency of the
gene for smooth skin in peas (dominant) and (1 — p) is the relative frequency of the
gene for wrinkled skin in peas (recessive), then the proportion of smooth-skinned peas
in the next generation will be

v=2p(l = p)+p*=2p—p-

Compare the graphs of y and dy/dp to determine what values of y are more sensitive to
a change in p. The graph of y versus p in Figure 3.29a suggests that the value of y is
more sensitive to a change in p when p is small than it is to a change in p when p is
large. Indeed, this is borne out by the derivative graph in Figure 3.29b, which shows
that dyv/dp is close to 2 when p is near 0 and close to 0 when p is near 1.
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In a manufacturing operation, the cost of production c¢(x) is a function of x, the number
of units produced. The marginal cost of production is the rate of change of cost with re-
spect to the level of production, so it is dc/dx.

Suppose ¢(x) represents the dollars needed to produce x tons of steel in one week. It
costs more to produce x + i tons per week, and the cost difference divided by h is the
average cost of producing each additional ton.

clx+ h) — elx) the average cost of each of the

h | additional A tons produced

The limit of this ratio as h—0 is the marginal cost of producing more steel per week
when the current production is x tons (Figure 3.30).

de .. clx+h) —clx) . . .
== = lim ————~———= = marginal cost of production
dx =0 h
y (dollars)
Slope =

marginal cost y=cx)

0 x x
(tons/week)

Figure 3.30 Weekly steel production:
c(x) is the cost of producing x tons per
week. The cost of producing an additional
Ji tons per week is c(x + 1) — ¢(x).
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Sometimes the marginal cost of production is loosely defined to be the extra cost of pro-
ducing one more unit,

Ac _elx+ 1) —clx)

Ax 1 '

which is approximated by the value of dc/dx at x. This approximation is acceptable if the
slope of ¢ does not change quickly near x, for then the difference quotient is close to its limit
defdx even if Ax = 1 (Figure 3.31). The approximation works best for large values of x.
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Figure 3.31 Because de/dx is the slope

of the tangent at x, the marginal cost de/dx
approximates the extra cost Ac¢ of produc-
ing Ax = 1 more unit.
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EXAMPLE 7 Marginal Cost and Marginal Revenue

Suppose it costs
c(x) = x3 = 6x* + 15x

dollars to produce x radiators when 8 to 10) radiators are produced, and that
—
N
rlx) =x3 = 3x> + 12x

gives the dollar revenue from selling x radiators. Your shop currently produces
10 radiators a day. Find the marginal cost and marginal revenue.
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